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We propose the use of e lect ron tubes in the modeling of nonlinear boundary conditions in the 
solution of problems of steady heat conduction by an e lec t r ic -model  method, thus making it 
possible to solve the most complex of problems on the s implest  of analog computers.  

The possibil i ty of solving a nonlinear equation for steady heat conduction on electr ic  models has been 
demonst ra ted  in a number of r e fe rences  [1, 2, etc.]. Here, to achieve a solution, we employed the method 
of success ive  approximations which, in the general  case,  for each approximation requires  the recalculat ion 
and respeeif icat ion of either all of the res i s t ances  of an R network, or of the res i s tances  simulating the 
boundary conditions. 

A new method is proposed in [3] for the modeling of nonlinear boundary conditions with the aid of non- 
l inear e lec t r ica l  r e s i s t ances  (incandescent lamps and cur ren t  regula tors) ,  thus making it possible to solve 
the problem in one step (without success ive  approximations).  

This paper,  a development of the above-ci ted method, eliminates one of its most  significant draw-  
backs - the need to maintain a r e s e rve  of a large  set of nonlinear elements.  

With this purpose in mind, in the place of incandescent lamps we propose the use of e lect ron tubes 
(triodes, beam te t rodes ,  pentodes, heptodes) whose initial segments  of the anode charac te r i s t i c s  represent  
a family of parabol ic - type  curves ,  as the nonlinear element modeling the nonlinearity of the left-hand 
member  of the boundary condition 

~ (V-G~-  V o ; , ) -  I h (OM - -  ON)"  (1) 

The r e s e a r c h  that has been ca r r i ed  out demonst ra ted  that by changing the bias voltage Ub at the control grid 
of the tube, and also by altering the res i s tance  Rp, connected in paral lel  with the tube, we can achieve a 
nonlinear res is tance  with the function I = f(U), close to a quadratic parabola I = A f U ,  where A = f(Ub, Rp). 

Since the identical tube can be used to approximate quadratic parabolas exhibiting various values for 
the coefficient A, it becomes a universal  nonlinear element, because the identical tube can also be used 
to solve various problems.  Fitting the charac te r i s t i c s  of the nonlinear res is tance  to the specified quadratic 
parabola  is accomplished with a specially developed unit by matching (on the sc reen  of an oscillograph) the 
derived curve I = A s f U a n d  that of the standard parabola I = f(U) that has been plotted on the screen.  The 
gain for the ver t ica l -def lec t ion amplif ier  of the osci l lograph is calibrated and set equal to A/As.  

To model the second t e rm in the left-hand member  of Eq. (1), which in the s teady-s ta te  problem is a 
constant quantity, we can either use a cur ren t  regulator ,  as in [3], or a controlled cur rent  s tabil izer  with 
a large  internal res i s tance  whose output current  is proport ional  to the voltage applied to its input. This 
las t  s imulat ion method seems preferable  to us, since it f rees  us of the need to be dependent on the 
p resence  of cur ren t  regula tors  and since it permi t s  g rea te r  f reedom of action when complex bound- 
a ry  conditions such as (1) also prevai l  at other boundaries of this region. 

If the boundary condition in the e lect r ical  model is to be real ized as in Fig. 1, for the point M we can 
wri te  the Kirchhoff law 
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Fig. 1. Diagram for the specification of the nonlinear boundary conditions on e lec -  

t r ica l  models.  

Fig. 2. Comparison of the resul ts  f rom the modeling with the analytical solution 
(the dashed Iines show the resu l t s  f rom an analytical calculation). 

or [3] 

Comparing (1) and (2), 
ship derived in [3]: 

I ,+I  a + IMN =0 

A = - L (2) 
r 

it is easy to prove that they are  identical, if we satisfy the cr i ter ia l  re la t ion-  

A, 01/  

This equation, in conjunction with the expressions for the scale factors  and the function I ,  = f(Vf), 
is used to calculate the pa r ame te r s  of the e lect r ical  model. 

To test  this method with the use of e lect ron tubes as the nonlinear elements ,  we solved the problem 
of s teady-s ta te  heat conduction for an infinite plate, and the exact solution of this problem is given in [4]. 
Boundary conditions of the third kind are set  up on both boundaries of the plate, these conditions varying 
in the different vers ions  in t e rms  of the hea t - t r ans fe r  coefficients on the side at which the heat flows in and 
at the side at which the heat flows out. We used 6Zh3P pentodes as the nonlinear res i s tances .  

Figure 2 shows the tempera ture  distribution in the plate for two combinations of the boundary con- 
ditions: Sin = O~ou t = 232.6 W/m 2. deg (curve 1) and Cqn = 232.6 W/m 2. deg; c%ut = 885 W/cm 2. deg (curve 2). The 
t empera tu re  of the heating medium is 1073~ and that of the cooling medium is 373~ Table 1 shows tl~e 
p a r a m e t e r s  of the e lec t r ica l  model for both cases  of boundary-condi t ion specification (for 1 and 2, see 
Fig. 2). Compar ison of the modeling resul ts  with the data of the analytical calculation (Fig. 2) bears  out the 
adequate accuracy  of the derived solution (the e r r o r  does not exceed 2-3%). 

TABLE 1. Pa rame te r s  of the Electr ical  Model 

i 

Farameters heat heat heat heat 
inflow outflow inflow outflow 

] , ,  m A  
A.10 4 
Up. v 1' Ub2, v 
R'n, k~ 
Vf, v 

1 
2,88 
--1,9 
100 
27 

12,06 

0,46 
2,88 
--1,9 
100 
27 

2,57 

1 
2,88 
--1,9 
100 
27 

12,06 

1,76 
10,97 
--1,2 
100 
11 

2,57 
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Thus the p roposed  method,  since it does not r equ i re  l inear iza t ion  of the boundary conditions, since 
it p e rmi t s  solution of the p rob lem in a single s tep,  without success ive  approximat ions ,  and since it uses  the 
s imples t  of models  for the s o l u t i o n -  networks a s sembled  of constant  r e s i s t a n c e s ,  i . e . ,  exhibiting all of the 
advantages  of the method desc r ibed  in [3] - significantly s impl i f ies  this las t  method, replacing the l a rge  
a s s o r t m e n t  of nonlinear e lements  with a l imi ted  number  of e lec t ron  tubes ,  thus making the model universa l  
and suitable for  the solution of a va r i e ty  of p rob l ems .  

In conclusion,  it should be s ta ted that the use of e lec t ron  tubes as the nonlinear e lements  expands 
the potent ia ls  of the method of nonl inear  r e s i s t a n c e s  on the whole, s ince it becomes  poss ib le  to genera l ize  
this  method to the case  of an a r b i t r a r y  re la t ionship  between the coefficient  of t h e r m a l  conductivity and 
t e m p e r a t u r e .  
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k = (a + bT) 
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NOTATION 
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coefficient  of t h e r m a l  conductivity; 
t e m p e r a t u r e  of ma te r i a l ;  
t e m p e r a t u r e  of the medium; 
h e a t - t r a n s f e r  coefficient;  
gr id pitch; 

the current ;  
the voltage; 
the potential;  
a r e s i s t a n c e  connected in pa ra l l e l  to the tube; 

is the r e s i s t a n c e  which co r r e sponds  to the hal f -p i tch  of the grid; 
a r e  the bias  vol tages  at the cor responding  tube gr ids;  
is the anode current ;  

is the c u r r e n t b e t w e e n p o i n t s M  and N; 
a re  the values  of the function 0 and of the potential ,  cor responding  to Tf; 
is the cu r ren t  s tab i l izer ;  
is the nonlinear  r e s i s t ance ;  
is the tube; 
is the incandescence;  
a re  the bias  sources ;  
is the re la t ive  width of the plate; 
a re  propor t ional i ty  fac tors .  
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3. 
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